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We consider the question of approximating any real number α by
sums of n rational numbers a1q1 +
a2
q2
+ · · · + anqn with denominators
1  q1,q2, . . . ,qn  N . This leads to inquiries on approximating
a real number by rational numbers with a prescribed number of
prime factors in the denominator as well as by rational numbers
with smooth denominator.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and main results
In [2], the author generalized Dirichlet’s diophantine approximation theorem and studied the ques-
tion of approximating any real number by the sum of two rational numbers.
Question 1. Find a good upper bound for
∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣
with integers a1,a2 and 1 q1,q2  N.
It turns out that one way to look at the question is to compare it with single rational approximations
of α. From [2], we have
Theorem 1. For any  > 0 and any N  1, suppose α has a rational approximation |α − aq | 1qN3/2 for some
integers a, 1 q N3/2 and (a,q) = 1. Then
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a2
q2
∣∣∣∣ 1qN3/2−
for some integers a1 , a2 , 1 q1,q2  N.
It was conjectured in [2] that
Conjecture 2. For any small  > 0 and any N  1, suppose α has a rational approximation |α − aq | 1qN2 for
some integers a, 1 q N2 and (a,q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN2−
for some integers a1 , a2 , 1 q1,q2  N.
More generally, one can consider the following:
Question 2. Find a good upper bound for
∣∣∣∣α − a1q1 −
a2
q2
− · · · − an
qn
∣∣∣∣
with integers a1,a2, . . . ,an and 1 q1,q2, . . . ,qn  N.
Towards it, we have
Theorem 3. Let  > 0 and N  1 be any real numbers. For any positive integer 2 n  logN6 log logN , let
κ(n) := 3n
4
− [n/3] + 1
4
.
Suppose α has a rational approximation |α − aq | 1qNκ(n) for some integers a, 1 q  Nκ(n) and (a,q) = 1.
Then
∣∣∣∣α − a1q1 −
a2
q2
− · · · − an
qn
∣∣∣∣ 1qNκ(n)− (1)
for some integers a1 , a2 , . . . , an and distinct prime numbers N/2 q1,q2, . . . ,qn  N.
When n = 3, one can use an idea from [2] to get a better exponent.
Theorem 4. Let , ′ > 0 and N  1 be any real numbers. Suppose α has a rational approximation |α − aq |
1
qN2−′ for some integers a, 1 q N
2−′ and (a,q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
− a3
q3
∣∣∣∣ 1qN2−′− (2)
for some integers a1 , a2 , a3 and 1 q1,q2,q3  N.
Similar to Conjecture 2, we have
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a rational approximation |α − aq | 1qNn for some integers a, 1 q Nn and (a,q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
− · · · − an
qn
∣∣∣∣ 1qNn−
for some integers a1 , a2 , . . . , an and distinct prime numbers 1 q1,q2, . . . ,qn  N.
Using Theorem 3 with n = 2m and m very large in terms of  , one can combine the ﬁrst m
rational numbers to A1Q 1 and the remaining to
A2
Q 2
. Note that κ(n) = 2n3 + O (1) = 4m3 + O (1). Then one
can derive the following:
Corollary 6. Let  > 0 and N  1 be any real numbers. Suppose α has a rational approximation |α − aq | 
1
qN4/3
for some integers a, 1 q N4/3 and (a,q) = 1. Then
∣∣∣∣α − a1q1 −
a2
q2
∣∣∣∣ 1qN4/3−
for some integers a1 , a2 and 1 q1,q2  N.
This is a bit weaker than Theorem 1. Meanwhile if we simply combine the n rational numbers
to AQ where the number of distinct prime factors of Q , ω(Q ) = n, we have
Corollary 7. For any real numbers  > 0 and X  1, consider any integer 2  n 
√
 log X
6 log log X . If α has a
rational approximation |α− aq | 1qX for some integers a, 1 q X and (a,q) = 1, then there exists a rational
number AQ with (A, Q ) = 1, Q  Xn/κ(n) and ω(Q ) = n such that
∣∣∣∣α − AQ
∣∣∣∣ 1qX1− .
Note: When n is large, nκ(n) ≈ 32 .
Proof of Corollary 7. Set X = Nκ(n) . We just need to make sure the upper bound on n in Theorem 3
is satisﬁed. Since n/2 κ(n) 3n/4, for N or X large enough,
n
√
 log X
6 log log X
⇒ n
√
n logN
6 log logN
⇒ √n
√
 logN
6 log logN
which gives the desired bound after squaring. 
So, roughly speaking, given a rational approximation of α with denominator  X , we can always
ﬁnd a rational approximation with denominator  X3/2 having a prescribed number of distinct prime
divisors which approximates α nearly as well. This leads to the following:
Conjecture 8. For any real numbers  > 0 and X  1, consider any natural number n   log Xlog log X . If α has a
rational approximation |α− aq | 1qX for some integers a, 1 q X and (a,q) = 1, then there exists a rational
number AQ with (A, Q ) = 1, Q  X1+ and ω(Q ) = n such that
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∣∣∣∣ 1qX1− .
Furthermore, suppose α is irrational. Then it has inﬁnitely many rational approximations aq with
(a,q) = 1 such that |α − aq |  1q2 . If one simply chooses X = q in Corollary 7 and notes that
Q κ(n)/n  q, then one has
Corollary 9. Let n 2 be any ﬁxed integer and  > 0. If α is irrational, then there exist inﬁnitely many rational
approximations AQ with (A, Q ) = 1 and ω(Q ) = n such that
∣∣∣∣α − AQ
∣∣∣∣ 1Q 2κ(n)/n− .
Similarly, instead of ﬁxing n, one can choose n as large as
√
 log Q
6 log log Q . Then we have the following
result which seems to be new.
Corollary 10. Let  > 0. If α is irrational, then there exist inﬁnitely many rational numbers AQ with (A, Q ) = 1
and Q is 2e
√
14
 log Q log log Q -smooth such that
∣∣∣∣α − AQ
∣∣∣∣ 1Q 4/3− .
Recall that a number is y-smooth if all its prime factors are less than or equal to y.
Proof. Details are left for the readers. Note that by Theorem 3 and Corollary 7, we have Xn/κ(n)/2n 
Q  Xn/κ(n) and Q is X
1
κ(n) -smooth which is also 2Q 1/n-smooth. Observe that if n = [
√
 log X
6 log log X ],
then
1
n

√
7 log log X
 log X

√
7 log log Q κ(n)/n
 log Q κ(n)/n

√
7n log log Q
κ(n) log Q

√
14 log log Q
 log Q
as κ(n) n2 for n 2. Also
n
κ(n) → 32 as n → ∞. 
Some Notations. Throughout the paper,  denotes a small positive number. Both f (x) = O (g(x))
and f (x)  g(x) mean that | f (x)|  Cg(x) for some constant C > 0. Moreover f (x) = Oλ(g(x)) and
f (x) λ g(x) mean that the implicit constant C = Cλ may depend on the parameter λ. Also ω(n) is
the number of distinct prime factors of n, and e(x) = e2π ix . Finally |S| stands for the cardinality of
a set S .
2. Some preparations
Lemma 11. Let a and q  1 be integers with (a,q) = 1. For any positive integers n, k and L, and any real
number N  1 such that
L  Nn, q LNk, 2n+k+1 < N (3)
and P is the set of primes in [N/2,N] not dividing q, we have
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l=1
∣∣∣∣∑
q1∈P
. . .
∑
qn∈P
e
(
lq1 . . .qn
a
q
)∣∣∣∣ 2n+knn max
(
LNn/2+k/2, LN
n
q1/2
)
. (4)
Proof. Let S be the right-hand side of (4). If k  n, then trivially, S  LNn  LNn/2+k/2. Now we can
assume k < n. Then
S =
L∑
l=1
∑
q1∈P
. . .
∑
qk∈P
∣∣∣∣ ∑
qk+1∈P
. . .
∑
qn∈P
e
(
lq1 . . .qn
a
q
)∣∣∣∣
=
∑
(N/2)krLNk
dr
∣∣∣∣ ∑
qk+1∈P
. . .
∑
qn∈P
e
(
rqk+1 . . .qn
a
q
)∣∣∣∣ (5)
where
dr =
L∑
l=1
∑
q1∈P
. . .
∑
qk∈P
lq1...qk=r
1.
As r  LNk  Nn+k , r is divisible by m primes in P with km n + k because 2n+k+1 < N . Thus
dr 
∑
kmn+k
(
m
k
)
kk  kk
∑
kmn+k
2m  2n+k+1kk.
By the Cauchy–Schwarz inequality,
S 
( ∑
(N/2)krLNk
d2r
)1/2( ∑
(N/2)krLNk
∣∣∣∣ ∑
qk+1∈P
. . .
∑
qn∈P
e
(
rqk+1 . . .qn
a
q
)∣∣∣∣
2)1/2
 2n+k+1kk
(
LNk
)1/2(
([
LNk/q
]+1)q∑
r=1
∣∣∣∣ ∑
qk+1∈P
. . .
∑
qn∈P
e
(
rqk+1 . . .qn
a
q
)∣∣∣∣
2
)1/2
 2n+k+1kk LN
k
q1/2
( q∑
r=1
∑
qk+1,...,qn∈P
∑
q′k+1,...,q
′
n∈P
e
(
r(qk+1 . . .qn − q′k+1 . . .q′n)
a
q
))1/2
(6)
where [x] denotes the greatest integer less than or equal to x. There are two cases. If Nn−k  q, then
as an integer Q = qk+1 . . .qn has at most (n−k)n−k ways of representation, the exponential sum in (6)
is  qNn−k(n − k)n−k using
q∑
r=1
e
(
amr
q
)
=
{
q, if q divides m,
0, otherwise.
(7)
Putting this into (6), we have S  2n+knnLNn/2+k/2.
If q < Nn−k , we divide the interval [1,Nn−k] into Nn−k/q + O (1) intervals Ii of length at most q.
Then the exponential sum in (6) is
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∑
i
∑
j
q∑
r=1
∑
qk+1...qn∈Ii
∑
q′k+1...q
′
n∈I j
e
(
r
(
qk+1 . . .qn − q′k+1 . . .q′n
)a
q
)

(
Nn−k
q
)2
q2(n − k)(n−k)
by (7). Putting this into (6), S  2n+knnLNn/q1/2. Combining the two cases, we have the lemma. 
Lemma 12. Assume the same conditions for a, q, n, k, L, N and the same P as in Lemma 11. Suppose further
that we have a positive integer m n and r1 + · · · + rm = n with positive integers r1, . . . rm. Then
S =
L∑
l=1
∣∣∣∣∑
q1∈P
. . .
∑
qm∈P
e
(
lqr11 . . .q
rm
m
a
q
)∣∣∣∣ 2n+knn max
(
LNn/2+k/2, LN
n
q1/2
)
. (8)
Proof. If m n/2+ k/2, then we have trivially that S  LNm  LNn/2+k/2. If m > n/2+ k/2, let M be
the number of 1’s among r1, . . . , rm . Then M+2(m−M) r1 +· · ·+ rm = n which gives M  2m−n >
2(n/2+ k/2) − n = k. So there are 1 i1 < · · · < ik m such that ri1 = · · · = rik = 1 and one can split
qi1 , . . .qik out similar to (5) in Lemma 11. Hence one can imitate the proof in Lemma 11 and get the
same upper bound. 
We also need the following Möbius inversion formula (see [3, §25] for example).
Lemma 13.
∑
q1
. . .
∑
qn
distinct
f (q1, . . . ,qn) =
∑
S
μ(S)
∑
q1
. . .
∑
qn
qi with restriction in S
f (q1, . . . ,qn)
where S is over all possible partition of {1,2, . . . ,n}, say S = {P1, . . . , Pm} such that⋃mi=1 Pi = {1, . . . ,n},
and μ(S) = ∏mj=1(−1)|P j |−1(|P j| − 1)!. The qi with restriction in S means the requirement qi = q j for
i, j ∈ Pk, 1 km.
3. Proof of Theorem 3
First, we recall a variant of Erdös–Turán inequality on uniform distribution (see, for example,
R.C. Baker [1, Theorem 2.2]).
Lemma 14. Let L and J be positive integers. Suppose that ‖x j‖ 1L for j = 1,2, . . . , J . Then
L∑
l=1
∣∣∣∣∣
J∑
j=1
e(lx j)
∣∣∣∣∣> J6 .
Here ‖x‖ = minn∈Z |x− n|, the distance from x to the nearest integer.
Proof of Theorem 3. Let  > 0, N  1 and n/2  φ  n. Let P be the set of prime numbers in the
interval [N/2,N] not dividing q. Without loss of generality, we can suppose that α has a rational
approximation |α − aq |  1qNφ for some integers a, Nn−φ  q  Nφ and (a,q) = 1. The case where
q Nn−φ is covered by the trivial bound as one can simply choose some prime numbers N/2 q1 <
q2 < · · · < qn  N , and there exists integer b such that
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∣∣∣∣ n+ 1q1q2 . . .qn 
(n + 1)2n
Nn
 1
Nn−
 1
qNφ−
for N large in terms of  (the reason for the ﬁrst inequality is that, among n+ 1 consecutive integers,
one of them must be relatively prime to q1,q2, . . . ,qn).
We are trying to ﬁnd integer b and distinct prime numbers q1,q2, . . . ,qn ∈ P such that
∣∣∣∣aq − bq1q2 . . .qn
∣∣∣∣< 1qNφ−/2 or
∥∥∥∥q1q2 . . .qnaq
∥∥∥∥< 1qNφ−n−/2 . (9)
In view of the Lemma 14, it suﬃces to show
S :=
L∑
l=1
∣∣∣∣ ∑
q1,q2,...,qn∈P
distinct
e
(
lq1q2 . . .qna
q
)∣∣∣∣ 16
(|P|n − n2|P|n−1) (10)
with L := [qNφ−n] + 1 because there are at least |P|n − (n2)|P|n−1 numbers of the form q1q2 . . .qn
with qi distinct. Now we apply Lemma 13 to (10), and bound it by using Lemma 12, |μ(S)| n!, an
upper bound for the number of partitions and Stirling’s formula,
S =
L∑
l=1
∣∣∣∣∑
S
μ(S)
∑
q1
. . .
∑
qn
qi with restriction in S
e
(
lq1q2 . . .qna
q
)∣∣∣∣

∑
S
∣∣μ(S)∣∣ L∑
l=1
∣∣∣∣ ∑
q1
. . .
∑
qn
qi with restriction in S
e
(
lq1q2 . . .qna
q
)∣∣∣∣
 eπ
√
2/3
√
n
√
2πn
(
n
e
)n
2n+knn max
(
LNn/2+k/2, LN
n
q1/2
)
 (2n)2n max
(
LNn/2+k/2, LN
n
q1/2
)
for any integer k n−φ. Note: One can check that condition (3) is satisﬁed for our choice of L and k.
As n2  (logN)2, the bound in (10) holds if
(2n)2n max
(
LNn/2+k/2, LN
n
q1/2
)
 N
n
(3 logN)n+1
(11)
for N suﬃciently large, as |P| N3 logN . In other words, we need
12nn2n(logN)n+1qNφ−nNn/2+k/2  Nn, (12)
12nn2n(logN)n+1q1/2Nφ−nNn  Nn. (13)
After some algebra and using q Nφ , (12) and (13) are true when
φ <
3n
4
− k
4
− n log4n
logN
− (n + 1) log logN
2 logN
,
φ <
2n − 4n log4n − 2(n + 1) log logN .
3 3 logN 3 logN
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φ  n− k, φ < 3n
4
− k
4
− 2′ and φ < 2n
3
− 3′
as n 
′ logN
log logN . Set k = [n/3] + 1, one can check that
n − [n/3] − 1 < 3n
4
− [n/3] + 1
4
− 3′ < 2n
3
− 3′
for ′ suﬃciently small. Therefore, we can choose φ = 3n4 − [n/3]+14 − 3′ and this gives the theorem
by setting ′ = /6. 
4. Proof of Theorem 4
First we quote a lemma (see Chapter 1, Lemma 8a of [4]).
Lemma 15. Let a and q = 0 be relatively prime integers and suppose N  1. Then
q∑
r=1
min
(
N,
1
‖ arq ‖
)
 N + q logq.
Proof of Theorem 4. It starts the same way as the proof of Theorem 3 with n = 3. Suppose we
consider only 3/2  φ  2. Then N  q  Nφ  N2. Now, instead of having all the denominators q1,
q2, q3 in P , we allow q3 to be simply from the interval [N/2,N] but different from q1 and q2 as used
in [2]. Borrowing from (10), it suﬃces to prove
S :=
L∑
l=1
∣∣∣∣∑
q1∈P
∑
q2∈P
∑
N/2q3N
distinct
e
(
lq1q2q3a
q
)∣∣∣∣ 16
(|P|3 − n2|P|2) (14)
with L := [qNφ−3] + 1 because there are at least |P|3 − (n3)|P|2 numbers of the form q1q2q3 with qi
distinct primes. Splitting out q1 and q2, we have
S 
L∑
l=1
∑
q1 =q2∈P
∣∣∣∣ ∑
N/2q3N
q3 =q1,q2
e
(
lq1q2q3a
q
)∣∣∣∣
(
5
2
) LN2∑
r=1
∣∣∣∣ ∑
N/2q3N
e
(
rq3a
q
)∣∣∣∣+ 2LN2
as LN2  2qNφ−3N2  2N5 and r can be divisible by at most 5 primes in P . The summation above is

q([LN2/q]+1)∑
r=1
∣∣∣∣ ∑
N/2q3N
e
(
rq3a
q
)∣∣∣∣
([
LN2
q
]
+ 1
) q∑
r=1
∣∣∣∣ ∑
N/2q3N
e
(
rq3a
q
)∣∣∣∣
 LN
2
q
q∑
r=1
min
(
N,
1
‖ arq ‖
)
 LN
2
q
(N + q logq)  LN2 logq
by Lemma 15 as N  q. Thus S  LN2 logq and (14) is true if LN2+′  N3 for any ′ > 0. In other
words, we want qNφ−3  N1−′ . So q  N4−φ−′ and on the other hand we require q  Nφ . The
optimum choice for φ = 2− ′ and this gives the theorem after putting φ back into (9). 
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